Slowing Down of Neutrons in Infinite Homogeneous
,\eration and to the construction of a n accurate variational princlple for p , the resonance escape probability. Some numerical results are given.
1. INTRODUCTION
H E nature of the slowing down of fast neutrons produced uniformlythroughout homogeneous media composed of atoms of arbitrary mass was discussed r ten years ago in a definitive paper by Placzek (1946) . Placzek's paper was most successful in dealing with media which did not absorb neutrons. In a later review paper, Marshak (1947) , using Laplace transform techniques, treated J large variety of slowing-down problems but in analysing absorbing media he aealt principally with absorption cross sections which varied slowly with energy. The very important case of absorption in resonances has not received adequate reatment in the literature.
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Here U , the logarithmic energy, is related to neutron energy by ~= l n ( , g , /~) , @(U)& is the number of collisions taking place per unit time in the interval between U and U + du per unit volume of matter, and S ( U )~U is the number of Source neutrons introduced into unit volume in unit time with energies between U and u+du, The scattering medium is composed of atoms of mass m. characterizes the scattering of neutrons by the atoms and is found to be
The kernel K, - I n cases of practical interest, the source is at a fixed energy E,, whence S ( U ) = SS(u) and one is most concerned withneutrons that have made many collisions in the moderating material (U $ qm, U > 1). Equation (1) because of its ' local' character is poorly fitted to give information about @ ( U ) in this energy region, when the source has been specified. Iteration upon the source function, or numerical integration requires that one follow the neutrons through their many collisions from source energy to U , a procedure that generally requires the assistance of a computing machine.
In the special case h(u) = 1, when there is no possibility for absorption, equatlon
(1) may be solved. The solution, which we designate by 4 7 n (~) approaches, for large U, the constant value l/f,.
&, , is the average logarithmic energy loss per collision and is given by
That is, qm 4 1. For smaller u(u-q,) #m(u) varies rapidly and shows, in this domain, discontinultles in function and derivatives. We have assumed here, as we shall in what f o l l o~~s~ that
S(U) = S(U).
We begin the derivation of the new equation by separating from @(U) a singular component composed of neutrons at source energy that have not yet made a first collision. We put @(u) =+(u) +S(u) and upon substitution of this expression into equation (l), obtain
...... Ifwe now write h(u) = 1 -g(u), where g(u) is the capture probability, equation (8) becomes
is the transform of the solution & to the no-capture equation, whereupon inversion of (9) yields the new equation
Thephysical content of the equation shows up if we transfer the integral term to the left-hand side. We then observe that $(U), the solution in the case of capture is, rvhen corrected by the integral term, equal to the solution of the no-capture case. The correction consists in adding neutrons to compensate for absorptions ; e.g. the number of neutrons removed per unit time between U' and u'fdu' is g(u')+(u')du'. A source of the same strength will produce a 'disturbance'
at energy U. Thus, the picture is reminiscent of the multiple scattering of waves. Neutron density introduced at source energy 'propagates ' according to a)vin,(~).
Variations in cross section disturb the propaga- 
shere the Km, are scattering kernels as described in equation (2). somewhat different meaning.
'dl be a scattering collision with an atom of type s.
hs(u) has a
It is now the probability that a collision at energy U Thus or, equivalently
inversion of (13) yields :
is the solution to the slowing-down problem in the mixture, pro. vided that the cross sections are non-absorptive, and energy independent. $$ is another solution in the same non-absorptive mixture, but corresponds to a different initial condition. $, describes the slowing down of neutrons whose first collision is with a nucleus of type s.
For sufficiently large u the qS become identical with each other and with +(U).
Equation (16) may be pictured in a manner similar to the discussion of equation ,( 10). Neutrons propagate energy-wise from source energy according to the function $(U). When absorption(g,> 0) or ' anomalous ' scattering(g,<O) occurs, the distribution is perturbed. A perturbation caused by collision with a type s nucleus may be compensated by the appropriate source gs(u') #(U'). Neutrons propagating from this source do so according to ?$(U -U') since their first collision is with a type-s nucleus. The integral in (16) sums the effect of the compensatlng sources-the scattered waves.
Clearly, $(U) = X s h s ( 0 )~S ( u ) .

$ 3 . SOLVING THE NEW EQUATIONS
We are not able to give exact general solutions of (10) and (16), just as we are unable to solve equation (1) ... , -which is composed of successively higher powers of absorption probabilitY and will converge rapidly in all practical cases. The overall probablllty for capture ,of a neutron which is slowing down is seldom greater than 40%.
If, in equation (17) (20) and (16) (21) should give an accurate value
We have constructed a variational principle forp.
While the proof of the stationary character of (21) will be relegated to the we should mention here that the assumption has been made that for wlues of u in the resonance region, where g,(u) is non-zero, t,b(~) has reached its when crude guesses for + and ++ are substituted therein. asymptotic value, l/[Eav].
tion, the correct J[+, ++I differs from (21) in that the factor If we do not wish to make this very plausible assump. unaltered.
la du' Cgs(u') ++(U') is replaced by jm du' z g s ( u ' ) ++(U') $(U')
The stationary character is
With the assumption mentioned above, it is easy to show that while the discussion in the Appendix shows that ++(U) must satisfy . . . . I(22) . . . . . . (23) If we specialize to a one-component mixture, (22) and (23) become
4. APPLICATIONS OF THE VARIATIONAL PRINCIPLE
A variation-iteration scheme, based on equations (21) and (22) (23) or (24) will enable the investigator to obtain p to any desired degree of accuracy, in a systematic manner. In this scheme a zero-order set of trial functions is used to get J[+,,+,+] andp,. Then +, , do+ andp, are substituted into the right-hand sides of equations (22-23) or (24) in order to give +, , +, +. J[+,, +,+I then yieldsp, and the process continues. One might suppose the procedure to involve a large amount of computational effort. We shall show, however, that considerable accuracy is obtained-in some simple examples-with only the zero-order and first-order trial functions.
A Mixture of Hydrogen and Infinitely Heavy Absorber
either iteration or differentiation of equation (16) 
. (25)
Using do = 1, +,+= 1 in equation (21) we find which agrees with the exact p up to terms in third order in the absorption. If \ye now iterate upon CO, CO+ andp,, to get +, and &+, we find which agrees with the exactp to terms infifth order in the absorption. yields 5/6 of the fifth order term. 
-Y'
For U > q2 y s = (c1 + c2) du'ys(u') -c2 du'y&u') + G<
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Clearly, y, is discontinuous at U = q2, whiley, is continuous there. In addition, differentiation of (33) and (34) shows that the first derivative of ~1 2 1s discontinuous at u=q2, 2q2, the second derivative at u=q2, 2q2, 3q,, etc. These results would be expected to follow at once from Placzek's discussion.
If we differentiate (34), re-arrange terms and, if ( n + l)q, > U >eq2, integrate between nq, and U , we find 
E-dJ
The ' limit from above ' is introduced in order properly to take discontinuities Equation (35) is the fundamental equation for the construction of into account.
